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Referencing

• The “pedagogical map” was created by Dr Robyn Pierce and Prof Kaye Stacey, and 
is now being prepared for international publication. 

• An earlier version of the map was presented to the 2007 USACAS Conference 
(Aurora, Illinois USA, June 16) by Kaye Stacey in the presentation “From functional to 
pedagogical use of CAS”. This presentation is available from  
http://staff.edfac.unimelb.edu.au/~kayecs/downloads/indexdownload.htm

• A paper describing  the 2007 version of the map has been submitted to the Australian 
Senior Mathematics Journal. 
Pierce, R., & Stacey, K. (in press) Using pedagogical maps to show the opportunities 
afforded by CAS for improving the teaching of mathematics. Australian Senior 

Mathematics Journal.

• The main differences between this version and the earlier version are:
– some formatting changes
– examining  the issues more globally and to identifying the basic capabilities on which they 

depend
– generalising to all forms of mathematics analysis tools, rather than the primary focus on 

symbolic manipulation with which we started. 

• Robyn and Kaye welcome your comments





Mathematics analysis tools
( I sometimes call these “technology”)

• Examples
– Nspire
– Other calculators, including simple 4 function
– Mathematica, Maple, etc
– Dynamic geometry (?)
– Statistics packages
– Excel

• Not examples
– Powerpoint, Mathtype or other presentation software
– Computer-based instruction and/or assessment
– Most internet resources – some have specific mathematics 

analysis capability (eg applet to draw statistical chart) 

Today – mainly concerned 
with CAS – computer 
algebra systems with 
symbolic manipulation 
capability



Our Melbourne projects
• Early interest in CAS through curriculum work -

directions of change evident in 1980s
• Spreadsheets; graphics calculators 1997
• CAS experimentation – mainly functions & 

calculus
• “CAS-CAT”– changed state assessment from 

2001 for Year 12 university entrance exams to 
allow CAS - website of resources – still optional

• Flow down to younger students – now teachers 
interested to use from Years 9 and 10. More 
interest in “pedagogical opportunities”



This presentation
• Discuss how CAS can be used to enhance 

learning
• Show how we are tracking changes in the 

role played by CAS in teaching:
– over time
– between different teachers

– for different year levels of students

Interpreting CAS broadly as 
mathematically able software, but 
especially symbolic manipulation



Looking back: 
technology in classrooms

1970’s first availability of arithmetic calculators

Example paper: 
Etlinger, L. (1974). The electronic calculator: A 
new trend in school mathematics. Educational 
Technology, XIV(12), 43-45.

Strong analogies between arithmetic calculators in 
elementary school and CAS in secondary school – both 
relate to what is seen as the central task of mathematics



Etlinger’s expected benefits 

• To improve students’ enjoyment of 
mathematics

• To increase student motivation to learn 
By
• having fewer tedious calculations
• increasing relevance through greater use 

of applied examples (eg with real data)
• exploiting the pedagogical power of the 

technology



Functional Use - Etlinger (1974)

Perhaps the most extreme view is that of the calculator as 
a purely functional classroom device…According to this 
view, the calculator will allow us to perform calculations 
much more easily, and will save us the trouble of learning 
the older, more tedious methods, much as the ballpoint 
pen saves us the inconvenience of inkwells and blotters…

Example:
981

× 863
846603 



Functional Use

• Use CAS to execute algorithms quickly 
and correctly, in order to find the answer to 
a problem that is to be solved

Advertisement for Maple for automotive engineers



Pedagogical Use - Etlinger (1974)

The pure-pedagogical point of view goes 
basically as follows: the calculator must not be 
used to replace learning, but rather to facilitate 
learning. Children must still learn their facts and 
their algorithms together with the more abstract 
concepts and ideas of mathematics.

Two examples:
Assemble from subproducts 22981

× 37863
870129603

Explain why (1÷3)× 3 = 0.9999999
Etlinger: “the implications 
of this pedagogical view 
have not been clarified”



Two (overlapping) types of uses 
for technology in school 

mathematics

Functional
– to find answers to problems more easily, 

including problems beyond expected by-hand 
skills

Pedagogical
– to support the learning of mathematical ideas



Early hopes for 4-function 
calculator use in schools

• Improve enjoyment by ‘releasing burden of 
computation’

• Use more real life examples 
– to increase relevance of mathematics to students’

lives
– hence to increase motivation of students
– also to improve actual usefulness of mathematics that 

students learn
• Check by-hand work 

– i.e. use machine calculation to see if by-hand 
answers are correct

– hence increase student’s independence, self reliance 
etc, as well as decreasing errors

Radius 
7 cm



Early hopes for 4-function 
calculator use in schools

• Improve enjoyment by ‘releasing burden of 
computation’ (mainly functional use)

• Use more real life examples 
– to increase relevance of mathematics to students’

lives
– hence to increase motivation of students
– also to improve actual usefulness of mathematics that 

students learn (pedagogical use)
• Check by-hand work (pedagogical use)

– i.e. use machine calculation to see if by-hand 
answers are correct

– hence increase student’s independence, self reliance 
etc, as well as decreasing errors

A mix of 
functional & 
pedagogical 
purposes



CAS (and other mathematics analysis 
tools) carry out routine mathematical 

procedures



This causes us to re-evaluate the 
place of each topic in the curriculum. 

There are both new opportunities, 
and some obsolence.

Need for curriculum change
Students will not need to learn some 
topics and will not need to work on 
highly complex problems (content 
change) 



Powerful tools require 
changed assessment

Need for assessment 
change

Start from principle that tools of 
learning, doing and assessing 

maths should match



Powerful tools offer pedagogical 
opportunities

Pedagogical opportunities 
To improve learning math as well as 
doing math



Personal evolution

• The UniMelb research team* began by 
considering the functional use of 
– calculator/computer graphing  (1992)
– spreadsheets and statistics packages
– symbolic algebra  (1998)

• And then considered its impact on the curriculum 
and assessment  (2001), mainly from its 
functional use

• And gradually, with teachers, began to explore 
pedagogical opportunities (2002+)

* but the teachers we worked with had different priorities and less awareness of what CAS could do



Today we are thinking about the 
pedagogical opportunities, supported 

by the functional capability of CAS



There are different types of 
pedagogical opportunities

Subject level

Classroom level

Task level





What features of technology affect 
mathematical tasks ?

• Increased speed
– fast calculations, graphing, etc

• Assured accuracy (given correct input)
– many students can’t find patterns because the 

data they generate by hand is wrong

• Access to more mathematics resources
– using formulas that are not known (eg use 

regression formula in “black box” way)
– being able to drag a geometric figure



Pedagogical Opportunities –
Task Level

• Improved 
– Speed

– Access
– Accuracy
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Explore regularity and variation

• This is the most common pedagogical use in the 
classes we have observed. They have also been 
many examples offered at this ‘Sharing 
Inspiration’ conference. 

• Examples observed in other conference 
presentations:
– Graphing quadratic expressions, using sliders to alter 

the parameters (eg a,b,c in ax2 + bx + c) to see the 
effects on the graph

– Calculations (eg factorising polynomials, numbers) to 
gather data to look for patterns reflecting algebraic or 
numerical rules. 



Explore regularity and variation

y = sin(x) and y = x

-4 -3 -2 -1 1 2 3 4

-2

-1

1

2



Explore regularity and variation

-4 -3 -2 -1 1 2 3 4

-2

-1

1

2

y = sin(x) and
y=x and 
y = x – x^3/3! and 
y = x – x^3/3!+x^5/5! – x^7/7!



Link representations

Armspan
against 
height –
which is more? 



Link representations

Black box 
regression

Different representations 
highlight different features of 
data – where is m, c in each?
y = mx + c



Link representations

Different representations 
highlight different features of 
data – where is m, c in each?
y = mx + c

For m, data
needs ordering first



Scaffold by-hand skills

Intelligent, 
emotionally neutral 
assistant



Scaffold by-hand skills

To assist in learning 
new skills, by enabling 
attention to focus on the 
new part  (in this case, 
strategic)

OR

Compensating for 
inadequate prior skills 
and knowledge



Scaffold by-hand skills
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Use real data

Model for concentration over time, of alcohol in 
the blood of an adult male who drinks 170 gm of 
alcohol very quickly. Time is in hours.

Yes – that is a LOT of alcohol -equivalent of approx 9 
cans of beer or a bottle and a half of wine.

What does 
this 
mean?

What does 
this 
mean?

Deleted: Picture of wine



Legal driving limit



Mathematics and social education

Legal driving limit



Mathematics and social education

c(t) = 1.7 (exp(-0.85t) – exp(-t))

c2(t) = 0.5 *c(t) for t< 1

= 0.5 *c(t) + 0.5*c(t-1) for t> 1



Mathematics and social education

Practical problem – hybrid function

Time shift using f(x –1), f(x-2) etc

Function as a manipulable object



Simulate real situations

• The dynamic geometry module can provides simulated data for many problems with 
real or mathematical contexts. Many Sharing Inspiration presentations have 
demonstrated this (e.g. G. Aldon – where should horse drink water, B. Gasque –
where should the pumping station be. There are also several examples (not yet 
converted to TI-nspire on our RITEMATHS website 
(http://extranet.edfac.unimelb.edu.au/DSME/RITEMATHS/general_access/c
urriculum_resources/dynamic_geometry/index.shtml)

• Arzarello and Orbutti Sharing Inspiration plenary labelled this mode of use 
‘quasi-experimental’, distinguishing it from ‘pragmatic’ and ‘epistemic’. 
Arzarello and Orbutti also distinguish the cases of modelling a within-
mathematics situation from modelled an extra-mathematical situation such 
as the horse drinking. We do not make this distinctions, believing  that the 
processes are very similar, and so it is too fine a distinction for the 

pedagogical map.

Straight river

Measure 
distances to river, 
data capture, 
analyse.



Pedagogical Opportunities –
Classroom Level

• Improved 
display that 
can be 
shared

• Personal 
access to an 
authority
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Change classroom social dynamics

Deleted: Picture of 
students comparing 
information on their 
handheld screens

Deleted: Picture of teacher 
holding a discussion with a 
group of students based on a 
computer display created by 
one of them.



Change classroom social dynamics

Students’ work 
becomes focus of 
discussion

Teacher can seed 
questions and point out 
features

Classroom connectivity 
soon?

Deleted: Picture of teacher 
holding a discussion with a 
group of students based on a 
computer display created by 
one of them.



Change classroom social dynamics

Sharing technology 
encourages working in groups

‘Intelligent assistant’ becomes 
another authority in the 
classroom, which provides 
issues for students to explore 
and  puzzles for them to 
resolve

- another member of the class 
or group 
(“what does CAS think?”)

Deleted: 
Picture of students 
comparing 
information on their 
handheld screens



Change classroom didactic contract

Deleted: Picture of 
one student 
explaining her 
solution to class, 
using teacher’s 
viewscreen.

CAS is another classroom 
mathematics authority, sometimes 
frustratingly with “a mind of its own”

“Explosion of methods” gives students 
more to contribute

Deleted: picture of students each using 
their handhelds to discover their own 
solution methods. 

Empowers students to become 
source of information to share (like 
other subjects)

about mathematics
about technology



Pedagogical Opportunities –
Subject Level

• Re-assessed 
– Goals

– Methods



Exploit contrast between ideal and 
machine mathematics

y = x2(1-x2) - 12

Generally using limitations 
and anomalies



Exploit contrast between ideal and 
machine mathematics

Getting a good picture 
of a graph:

Zooming to find the 
right window for 
significant features

Interpreting 
asymptotes, 
discontinuities etc 

y = x2(1-x2) - 12



Exploit contrast between ideal and 
machine mathematics

Getting a good picture 
of a graph:

Zooming to find the 
right window for 
significant features

Interpreting 
asymptotes, 
discontinuities etc 

y = x2(1-x2) - 12

These things are 
becoming easier on 
new models – lost 
opportunities? 



Exploit contrast between ideal and 
machine mathematics A permanent anomaly

m
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Build metacognition and overview

• Taking students on a ‘magic carpet’ ride to 
get a bird’s eye view of a new topic, before 
looking at the details

• Getting a ‘macro’ view of mathematics by 
encapsulating a multi-step process as a 
single command (e.g. solve linear 
equations)



Rebalance emphasis on skills, 
concepts, applications

• Change the relative proportions of skills, 
concepts applications

– e.g. Heid ( 1989) famous JRME paper

• Change the order of teaching of skills, 
concepts, applications

• Engage earlier in solution of real world 
problems, scaffolded by CAS

– Example:  Use simultaneous equations 
before learning some or all solution 
methods

– Example: Use linear regression to fit a 
line to data without knowing the linear 
regression formula



Pedagogical Maps 

examples
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Etlinger – four function calculator
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Teacher 1
Classic

Teaching undergraduates: functions, early calculus, linear algebra
Allow students to explore more real world problems

FIRST
• Valued CAS mainly for functional use

• Extended range of problems encountered
• Compensated for inadequate by-hand skills of individuals
• Expected to teach as usual but extend with CAS

LATER
• Valued CAS for pedagogical opportunities

• Explore multiple representations
• Systematically vary parameters in functions
• Designed activities around limitations and anomalies to provoke discussion
• Encouraged change in classroom dynamics- students experiment, choose 

different methods, turn to CAS as authority, encounter unexpected results, 



Classic
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Teacher 2
Progressive  

• Senior secondary: fixed curriculum with new assessment 
allowing CAS

• CAS valued for  speed, checking and ‘messy’ problems
• Teacher remains source of intellectual authority
• Strongly believed in teaching by-hand first – replicate 

with CAS later 
• Functional use -value speed and accuracy for the 

examination



Progressive
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Teacher scenario 3
Radical

• Senior secondary: fixed curriculum with new assessment
• Value pedagogical opportunities 
• Radical magic carpet ride

– overview then detail / detail then overview
• Changed didactic contract

– student exploration 
• multiple examples
• multiple representations

– students share 
• findings
• strategies

– Valued explosion of methods
• Is there another way we could do this?

– Discussion of efficient solution methods
– Teacher delighted in individual students choices for mix of by-hand or 

by CAS
• CAS valued for  speed, checking and ‘messy’ problems



Radical
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Teacher scenario 4
Conservative

• Middle secondary, internal 
assessment, curriculum 
guide but with flexibility

• Teacher goals 
– teach current curriculum better
– enhance student engagement

• Use of CAS
– Scaffold learning of by-hand 

skills
– Demonstrate multiple 

representations
– Support use of real world 

contexts



Conservative
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Teacher 5
Concerned

• Middle secondary, internal assessment, curriculum guide but with
flexibility

• Main teacher goal to improve attitude towards mathematics
– wants to encourage and support students

– wants to engage students

• Use of CAS
– Value CAS to support use of real world contexts

– Compensate for weak  by-hand skills
– Value multiple representations

– Change classroom social dynamics: encourage working together



Concerned
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Some Implications
• Pedagogical opportunities

– very wide range 
– are observed over wide range of classrooms
– may not be perceived by individual teachers
– or may be perceived but rejected

• Different potential advantages (and disadvantages) at 
different stages of learning
– Years 9 & 10 teachers focus on the pedagogical because they 

are teaching fundamental algebra skills
– The classic paths taken by teachers of advanced mathematics 

(functional TO pedagogical) will not be the paths taken by 
teachers of younger students.

• All users of maths value the functional capability, but 
teachers do not necessarily want this for its own sake.  



Some questions

• Are there common paths through the 
pedagogical maps?

• Is it better to have more opportunities shaded? 
– we assume not for an individual teaching 

assignment, but maybe over time

• What are the major considerations when 
exploiting each of these pedagogical 
opportunities?
– eg looking for regularity etc can reduce to guess & 

check without reasons

• Are there major pedagogical opportunities that 
need to be added? 
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